ABSTRACT. We introduce the definition of pseudoorthoalgebras and discuss some relationships between orthomodular lattices and pseudoorthoalgebras. Then we study the conditions that a pseudoeffect algebra is isomorphic to an "internal direct product" of ideals generated by orthogonal principal elements. At last, we give some characterizations of central elements in pseudoeffect algebras.
CENTRAL ELEMENTS IN PSEUDOEFFECT ALGEBRAS
Ò Ø ÓÒ 1.1º ([5] ) A structure (P ; ⊕, 0), where ⊕ is a partial binary operation and 0 is a constant, is called a generalized pseudoeffect algebra, or GPEA for short, if for all a, b, c ∈ P , the following hold. (GPE5) a ⊕ 0 and 0 ⊕ a exist and are both equal to a.
Remark 1.1º ([5])
We can introduce the binary relation in the GPEA P . Let a, b ∈ P . Define a b if and only if there is a c ∈ P such that a ⊕ c = b. It is easy to prove that is a partial order in P . Let us recall some basic properties of , ⊕, l and r because these properties are used in calculations.
ÈÖÓÔÓ× Ø ÓÒ 1.1º ([5, 6] ) Let E be a pseudoeffect algebra. For all a, b, c, d ∈ E, the following properties hold. (PE2) There is exactly one d ∈ P and exactly one e ∈ P such that a ⊕ d = e ⊕ a = 1. Remark 1.3º ([5] ) Pseudoeffect algebras are equivalent to generalized pseudoeffect algebras with greatest element.
Remark 1.4º ([2])
If a ⊕ b exists and a ⊕ b = 1, then we write b − = a, a ∼ = b. Thus, − : P → P and ∼ : P → P are two unary operations satisfying the following: 
ÈÖÓÔÓ× Ø ÓÒ 1.2º ([20] ) If E is a weakly commutative PEA, then for any a ∈ E,
Remark 1.5º
By the above proposition, in weakly commutative PEA, if a ⊕ b = 1, then we define a = b, and a is called the orthosupplement of a.
Remark 1.6º
In weakly commutative PEA, if a ⊕ b exists, then b ⊕ a exists. Hence, we write a ⊥ b whenever a ⊕ b exists.
In the following part of this section, we will show that every weakly commutative GPEA is an order ideal of weakly commutative PEA and how to construct weakly commutative PEA from weakly commutative GPEA.
Let (P ; ⊕, 0) be a weakly commutative GPEA. Let P be a set disjoint from P with the same cardinality. Consider a bijection a → a from P onto P and let us denote P ∪ P =P . Define a partial operation ⊕ * onP by the following rules. 
Weakly commutative generalized pseudoorthoalgebras and orthomodular posets
In this section, we introduce the definitions of (weakly commutative) generalized pseudoorthoalgebras and (weakly commutative) pseudoorthoalgebras, then discuss their relationships between orthomodular posets. Further, some results about effect algebras are generalized to weakly commutative pseudoeffect algebras.
Ò Ø ÓÒ 2.1º A structure (E; ⊕, 0), where ⊕ is a partial binary operation and 0 is constant, is called a generalized pseudoorthoalgebra, or GPOA for short, if for all a, b, c ∈ E, the following hold. (POA2) There is exactly one d ∈ E and exactly one e ∈ E such that a ⊕ d = e ⊕ a = 1.
(POA4) If a ⊕ a exists, then a = 0. 
Remark 2.2º
We will see in Proposition 2.3 that in any pseudoorthoalgebra (E; ⊕, 0, 1), for any a ∈ E, we have that the logical excluding middle law a∨a = 1 and a ∧ a = 0 hold, where a = a ∼ or a = a − . Hence, we can say that pseudoorthoalgebras represent sharp logic.
Ò Ø ÓÒ 2.4º A pseudoorthoalgebra (E; ⊕, 0, 1) is called weakly commutative, or WPOA for short, if it satisfies the condition (C).
Remark 2.3º
Since every POA is a PEA, hence weakly commutativity yields a − = a ∼ , and then we put a := a − = a ∼ in WPOA.
Ò Ø ÓÒ 2.5º Let (E; ⊕, 0, 1) be a weakly commutative pseudoeffect algebra.
For any a ∈ E, the element a is called a sharp element if and only if a ∧ a = 0.
Remark 2.4º
Let (E; ⊕, 0, 1) be a weakly commutative pseudoorthoalgebra. Then for any a ∈ E, a is a sharp element of E.
Example 2.1. Let P be the set {0, a, b, c, d, e}. Define the partial binary operation ⊕ on P as the following: It is routine to verify that P is a weakly commutative GPOA. The Hasse diagram is in Fig. 1 .
From Proposition 2.1, we can get the following classical result.
ÓÖÓÐÐ ÖÝ 2.1º ([1]) An effect algebra (E; ⊕, 0, 1) is an orthoalgebra if and
only if for all a ∈ E, the existence of a ⊕ a implies a = 0.
It is easy to get the following result by Proposition 1.3 and Proposition 2.1.
ÈÖÓÔÓ× Ø ÓÒ 2.2º Let P be a WGPOA. ThenP is a WPOA. Example 2.2. Let P be same as in Example 2.1 and P = {0 , a , b , c , d , e } and P ∩ P = ∅.P = P ∪ P . Then by Proposition 2.2, (P ; ⊕, 0, 0 ) is a WPOA. The Hasse diagram is in Fig. 2 .
The following proposition gives some characterizations of POAs among pseudoeffect algebras.
ÈÖÓÔÓ× Ø ÓÒ 2.3º For a pseudoeffect algebra E, the following conditions are mutually equivalent:
(2) For p, q ∈ E such that p ⊕ q exists, we have that p ⊕ q is a minimal upper bound for p and q.
(2) =⇒ (3). Assume (2) and suppose r ∈ E with r p, p 
In the following, we will give some characterizations of OMPs among weakly commutative pseudoeffect algebras and pseudoorthoalgebras.
Let us recall the definition of an OMP. 
We will say that a weakly commutative pseudoeffect algebra E satisfies the coherence law if for all p, q, r ∈ E with p ⊥ q, q ⊥ r, r ⊥ p, the sum p ⊕ q ⊕ r exists. 
ÈÖÓÔÓ× Ø ÓÒ
P r o o f. This easily follows from Proposition 2.3 and 2.4.
ÈÖÓÔÓ× Ø ÓÒ 2.6º A lattice ordered WPOA is an OML.
P r o o f. This easily follows from Proposition 2.5.
ÓÖÓÐÐ ÖÝ 2.3º ([1]) A lattice ordered OA is an OML.
The following example shows that above two propositions fail in POA.
Example 2.3. Let A be the set {0, a, b, c, 1}. Define the partial binary operation ⊕ on A as the following:
It is routine to verify that A is a pseudoorthoalgebra. It is not a weakly commutative POA. It is a lattice and x ⊕ y = x ∨ y for any x, y ∈ A and x ⊕ y ∈ A. However, it is not an OML. The Hasse diagram is in Fig. 3 .
Remark 2.5º
An effect algebra is an orthomodular poset if and only if every its element is principal [1] . However, this result fails in pseudoeffect algebra from Example 2.3.
Central elements of pseudoeffect algebras
In this section, we will study the central elements of pseudoeffect algebras. Firstly, we introduce the definition of principal elements of pseudoeffect algebras and prove that a pseudoeffect algebra can be represented as an internal direct product of ideals generated by orthogonal principal elements. Secondly, we study the central elements of pseudoeffect algebras in detail, and give some equivalent characterizations of central elements in pseudoeffect algebras. Finally, we further discuss the central elements in atomic pseudoeffect algebras, and get some interesting results.
Principal elements of pseudoeffect algebras
In order to study the structure of pseudoeffect algebras, we introduce the definition of principal element in pseudoeffect algebras. Then we give the conditions which guarantee that pseudoeffect algebras are isomorphic to the direct product of its principal ideals.
Ò Ø ÓÒ 3.1º ([4] ) A nonempty subset I of a pseudoeffect algebra E is called an ideal in E if, for p, q ∈ E such that p⊕q exists, p⊕q ∈ I if and only if p, q ∈ I. The ideal I generated by a single element e ∈ E is called a principal ideal.
Let E be a pseudoeffect algebra. Then the interval E[0, e] = {x ∈ E : x e} is a principal ideal if and only if e is principal in the sense of the following definition.
Ò Ø ÓÒ 3.2º An element e of a pseudoeffect algebra E is said to be principal if, for p, q ∈ E such that p, q e, whenever p ⊕ q exists, then p ⊕ q e.
ÈÖÓÔÓ× Ø ÓÒ 3.1º
If q is principal, and q u, u ∈ E, then q ∧ (u r q) = q ∧ (u l q) = 0. In particular, if E is a weakly commutative pseudoeffect algebra, then q ∧ q = 0. P r o o f. If q is principal and p q, u r q, then p ⊕ q exists and p,, hence p ⊕= 0 ⊕ q, hence p = 0 by the cancellation law. Thus, q ∧ (u r q) = 0. Similarly, we can prove q ∧ (u l q) = 0.
In general, we do not necessarily assume that e is principal. 
ÈÖÓÔÓ× Ø ÓÒ
Then τ (0) =τ (0) = e, τ (e) =τ (e) = 0, and the following de Morgan-type laws hold:
P r o o f. We will prove (1), and (2) is similar to prove. Obviously, 
Remark 3.2º
If {E α } α∈J is a family of pseudoeffect algebras, then the cartesian product E := α∈J E α is organized into a pseudoeffect algebra in the obvious way using coordinate operations and relations. The projection mappings π α : E → E α are surjective pseudoeffect algebra morphisms for all α ∈ J.
The proof of the following theorem is a routine verification.
Ì ÓÖ Ñ 3.1º For j = 1, 2, . . . , n (n 2), let E j be a pseudoeffect algebra with Conversely, we have to prove that φ(
If a = (a 1 , a 2 , . . . , a n ),
. , n. By the assumption, thus we have φ(a
. And φ(e 1 , e 2 , . . . , e n ) = e 1 ⊕ e 2 ⊕ · · · ⊕ e n = 1, so we have that φ is a homomorphism.
The following theorem deals with factoring a pseudoeffect algebra as an internal direct product of ideals of generated by orthogonal principal elements. (p 1 , p 2 , . . . , p n ) q := φ(q 1 , q 2 , . . . , q n ) in E.
Let (q 1 , q 2 , . . . , q n ) ⊕ (r 1 , r 2 , . . . , r n ) = 1, so that r := φ (r 1 , r 2 , . . . , r n 
Central elements of pseudoeffect algebras
In [7] , A. Dvurečenskij introduced the definition of central elements of pseudoeffect algebras and proved that the center is a Boolean algebra of a pseudoeffect algebra. Central elements are important to study the structure of pseudoeffect algebras. For example, A. Dvurečenskij proved the Cantor-Bernstein theorem using central elements ( [7] ). In this subsection, we give some conditions that guarantee that an element in a pseudoeffect algebra is central. Ò Ø ÓÒ 3.4º ( [7] ) An element a of a pseudoeffect algebra E is said to
The center C(E) is the set of all central elements in pseudoeffect algebra E. ÈÖÓÔÓ× Ø ÓÒ 3.3º ( [7] ) If a ∈ C(E), then:
The following important result shows that the center represent the "classical part" in the quantum structures.
Ì ÓÖ Ñ 3.3º ( [7] ) Let E be a pseudoeffect algebra. If e, f ∈ C(E), then e ∧ f ∈ E and e ∧ f ∈ C(E), and C(E) = (C(E); ∧, ∨, , 0, 1) is a Boolean algebra. Now, we will give some characterizations of central elements in pseudoeffect algebras.
ÈÖÓÔÓ× Ø ÓÒ 3.4º Let E be a pseudoeffect algebra. Suppose a ∈ E satisfies the following conditions:
(1) for all p ∈ E, there exist q, r ∈ E such that q a, r a ∼ , and p = q ⊕ r;
(2) a and a ∼ are principal;
Then we have the following statements (for every p ∈ P ): 
We can assume a = 0, 1, so a, a form an orthogonal sequence of nonzero principal elements satisfying the condition (C1). Applying (1) and Theorem 3.2 to e 1 := a and e 2 := a , we obtain (5) and (6) . Part (7) is a consequence of (6).
ÈÖÓÔÓ× Ø ÓÒ 3.5º Let E be a pseudoeffect algebra. An element a is a central element of E if and only if a satisfies the conditions (1), (2) and (3) of Proposition 3.4. P r o o f. Suppose a is central element of E. Then we have a ∼ = a − by Proposition 3.3 (5) . By Proposition 3.3 (6) and (7), we have that (1) and (3) hold. Let x, y a and
Conversely, suppose a satisfies the conditions (1), (2) and (3) in the proposition. Then a and a ∼ are principal. Let e 1 = a and e 2 = a ∼ . By (1), (3) and Theorem 3.2, there is an isomorphism φ : [0, (1) a and a ∼ are principal.
P r o o f. Let a be a central element. It suffices to prove the conditions (2) and (3). Obviously, (2) follows from Proposition 3.4(4) and (6) . (3) follows from Proposition 3.4(4) and (5) . Conversely, let a satisfy the conditions (1), (2), (3) and (4). By (4), we have that 
Remark 3.3º
The condition (2) of Proposition 3.7 is a weak form of distributivity [15] .
Central elements of atomic pseudoeffect algebras
In this subsection, we discuss central elements in atomic pseudoeffect algebras. Firstly, we further discuss the weak distributivity in atomic pseudoeffect algebras.
Ò Ø ÓÒ 3.5º ([15] ) An atom of a pseudoeffect algebra E is a minimal element of E − {0}. A coatom of a pseudoeffect algebra is the orthosupplement of an atom (i.e., a is a coatom iff both a − and a ∼ are atoms). A pseudoeffect algebra is atomic, if every nonzero element dominates an atom (i.e., there is an atom less than or equal to it). A pseudoeffect algebra is atomistic, if for any nonzero element a, there is an atom subset A of E such that a = A.
Ä ÑÑ 3.2º Let E be a pseudoeffect algebra. Let us consider the following conditions: The condition (1) implies the condition (2) which implies the condition (3) . If the pseudoeffect algebra E is atomic, then the condition (2) implies the condition (1) .
If the pseudoeffect algebra E is atomistic, then the condition (3) implies the condition (2). 
CENTRAL ELEMENTS IN PSEUDOEFFECT ALGEBRAS
Similarly to Lemma 3.2, we have the following proposition.
Ä ÑÑ 3.3º Let E be a pseudoeffect algebra. Let us consider the following conditions: The condition (1) implies the condition (2) which implies the condition (3) .
If the pseudoeffect algebra E is atomic, then the condition (2) implies the condition (1) .
If the pseudoeffect algebra E is atomistic, then the condition (3) implies the condition (2).
By Proposition 3.7, Lemma 3.2 and Lemma 3.3, we can get the following result which give some conditions that guarantee that an element in pseudoeffect algebra is central.
Ì ÓÖ Ñ 3.4º Let E be an atomic pseudoeffect algebra satisfying the condition In the following part of this section, we will study when an atom is central in pseudoeffect algebras. And these results generalize those in effect algebras in [15, 16] . Ä ÑÑ 3.4º Let E be a pseudoeffect algebra and let a ∈ E be an atom. Then (1) and (2) are equivalent; (1 ) and (2 ) are also equivalent.
P r o o f. We only prove that (1) and (2) Now, we get the conditions ensuring that an atom is central in a pseudoeffect algebra.
ÈÖÓÔÓ× Ø ÓÒ 3.8º Let E be a pseudoeffect algebra. An atom a of E is central iff the following conditions hold:
(1) a − = a ∼ and a − is principal. 
ÈÖÓÔÓ× Ø ÓÒ 3.9º
If E is an atomic pseudoeffect algebra such that every nonempty subset of E has a maximal element, then every nonzero element of E is a finite sum of atoms. P r o o f. Let us suppose that an element b ∈ E − {0} is not a finite sum of atoms and seek a contradiction. Since E is atomic, there is an atom a 1 ∈ E such that a 1 b. Since b is not a finite sum of atoms, we have b l a 1 = 0 and therefore there is an atom a 2 b l a 1 such that (b l a 1 ) l a 2 = 0 and therefore there is an atoms a 3 such that a 3 (b l a 1 ) l a 2 . Continuing in this procedure, we obtain a sequence of atoms a 1 , a 2 , · · · ∈ E such that a 1 < a 1 ⊕ a 2 < a 1 ⊕ a 2 ⊕ a 3 < · · · < b, hence the set {a 1 , a 1 ⊕ a 2 , a 1 ⊕ a 2 ⊕ a 3 , . . . } does not have a maximal element -a contradiction.
